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1
1926 , M. Riesz [7] $L_{p}$ . ]938 G. 0. Thorin[9]
, Riesz-Thorin . Riesz
, Thorin . .
1(Riesz-Thorin ). $1\leq p_{0},p_{1}$ , $q_{0)}q_{1}\leq\infty,$ $0<\theta<1,$ $T$
. $T$ Lp $L_{q0}$ $M_{0}$ , $T$ $L_{p1}$
$L_{q_{1}}$ $M_{1}$ , $T$
$p$
$L_{q}$
$M\leq l\mathrm{t}/I_{0}^{1-\theta}M_{1}^{\theta}$ . , $1/p=(1-\theta)/p_{0}+\theta/p_{1_{\grave{\prime}}}1/q=(1-\theta)/q_{0}+\theta/q_{1}$ .
, , 1958
Stein-Weiss[8] (‘ L ’ 1966 Calder\’on[2]-Hunt[5]
“Lorentz ” .
2(Stein-Weiss ). 1 $\leq p_{0)}p_{1}<\infty,$ $0<\theta<1,$ $T$ ,
$v_{0},$ $v_{1},$ $w_{0},$ $w_{1}$ . $T$ p ,v Lq ,w , $T$ p”vl
$L_{q_{1\backslash }w_{1}}$ , $T$ $L_{p,v}$ $L_{q_{\gamma}w}$ . ,
$1/p=(1-\theta)/p_{0}+\theta/p_{1},1/q=(1-\theta)/q_{0}+\theta/q_{1},$ $v^{1/p}=v_{0}^{(1-\theta)/p0}v_{1)}^{\theta/\mathrm{P}1}w^{1/q}=w_{0}^{(1-\theta)/q0}w_{1}^{\mathit{0}/q1}$ .
3(Caldero’$\mathrm{n}$-Hunt ). $1\leq p_{0},p_{1}<\infty_{7}1\leq q_{0}\neq q_{1}\leq\infty,$ $0<\theta<1_{J}$
$T$ . $T$ poqo $L_{r\mathrm{o}\mathrm{s}\mathrm{o}}$ , $T$ $L_{pq1}$,
$L_{r_{1}s_{1}}$ , $q\leq s$ f , $L_{pq}$ $L_{rs}$ . ,
$1/p=(1-\theta)/p_{0}+\theta/p_{1},1/r=(1-\theta)/r_{0}-\tau\theta|/\tau_{1}.$ .
, Stein-Weiss( 2) Calder\’on-Hunt( 3) , Lorentz
.
. $1\leq p_{0)}p_{1}<\infty,$ $1\leq q_{0}\neq q_{1}\leq\infty,$ $0<\theta<1,$ $T$ , $v_{0)}v_{1)}w_{0},$ $w_{1}$
. $T$ $L_{p\mathit{0}q\mathit{0},v\mathit{0}}$ Lr 8o,w , $T$ $L_{p_{1}q_{1},\text{ }}$,
$L_{r_{1}s_{1},w_{1}}$ , q\leq d , Lpq, $L_{rs,w}$ . ,
$1/p=(1-\theta)/p_{0}+\theta/p_{1},1/r=(1-\theta)/r_{0}+\theta/r_{1},$ $v^{1/p}=v_{0}^{(1-\theta)/p0}v_{1}^{\theta/p_{1}},$ $w^{1/r}=w_{0}^{(\mathrm{J}-\theta)/r_{0}}w_{1}^{\theta/r_{1}}$ .
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, 1997 Ferreyra[3] .
$v$ .
,
. [6, Theorem 3.1] .
4. $1\leq p_{0)}<p_{1}<\infty,$ $1\leq r_{0}\neq r_{1}\leq\infty,$ $0<q_{0},$ $q_{1},$ $s_{0},$ $s_{1}\leq\infty,$ $0<\theta<1,$ $T$ ,
, $v,$ $w_{0},$ $w_{1}$ . $T$ $L_{p_{0}q_{0_{1}}v}$ $L_{r\mathrm{o}}$ ,07w ,
, $T$ $L_{p_{1}q_{1},v}$ $L_{r_{1}s_{1},w_{1}}$ , $T$ $L_{p1,v}$ $L_{r\infty,w}$
. $1/p=(1-\theta)/p_{0}+\theta/p_{1},1/r=(1-\theta)/r_{0}+\theta/r_{1},$ $w^{1/q}=w_{0}^{(1-\theta)’q\sigma)}’ w_{1}^{\theta/q_{1}}$ .
4 , .
1. $q,$ $s(q\leq s)$ $q=1,$ $s=\infty$ .








$(M, \mu),$ $(N, \nu)$ \sigma \sigma , $f_{7}.g,$ $\ldots$ ( )
. $T$ $M$ $N$ . $v,$ $w,$ $v_{0},$ $w_{0},$ $\ldots$
, “ 7} ,
5( ). $T$ :
$|T(f+g)|\leq|Tf.|[perp]_{1}|Tg|$ ,
$|T(af)|=|a||Tf|$ , $a\in \mathbb{C}$ .
$T$ :
$|T(f+g)|\leq K(|Tf|+|Tg|)$ , ( $K$ $f$ ),
$|T$ (a $f$ ) $|=|a||Tf|$ , $a\in \mathbb{C}$ .




7( $\lambda_{f_{?}v}$ , $f_{v}^{*}$ , $f_{v}^{*\mathrm{A}}.$ ).
$\lambda_{f,v}(s)=v\{x : |f(x)|>s\}$ , $s>0$ ,
$f_{v}^{*}(t)= \inf\{s : \lambda_{f,v}(s)\leq t\}$ , $t>0$ ,
$f;*(t)= \frac{1}{t}\int_{0}^{\infty}.f_{v}^{**}.(y)dy$ , $t>0$ .
$A$ $v(A)= \int_{A}vd\mu$ .
8( Lorentz $L_{p,q,v’(p,q),v}L$).
$I_{pq,v}\lrcorner=\{f : ||f||_{pq,v}<\infty\}$ ,
,
$||f||_{pq,v}=\{$
$( \frac{q}{p}\int_{0}^{\infty}.(t^{1/p}f_{v}^{*}(t))^{q}\frac{dt}{t})^{1/q}\}$ $1<p,$ $q<\infty$ ,
$\sup_{t>0}t^{3/p}f_{v}^{*}(t)$ , $1<p<\infty,$ $q=\infty$ .
, $||$ . ||p9, Minkowski
. $f_{v}^{*}$ $f_{v}^{**}$. $||\cdot||_{(pq),v}$ .
$q\geq 1$
$||f||_{(pq),v}=\{$
$( \frac{q}{p}\int_{0}^{\infty}.(t^{1/p}f_{v}^{**}(t))^{q}\frac{dt}{t})^{1/q})$ $1<p,$ $q<\infty$ ,
$\mathrm{b}^{\urcorner}\mathrm{u}\mathrm{p}t^{1/p}f_{v}^{**}(t)t>0$ ’ $1<p<\infty,$ $q=\infty$ .
$L(pq),v$ .
$||\cdot||_{pq,v}$ $||\cdot 11$ (pq), . ,
9. $1<p\leq\infty,$ $1\leq q\leq\infty$
$||f||_{pq,\mathrm{t})} \leq||f||_{(pq),v}\leq\frac{p}{p-1}||f||_{pq,v}$ .
10 ( ). $f$ :
$Tf\geq 0$ , u-a. c-.
Bennerr-Sharpley[l, p.231] .
11 . $X,$ $Y$ resonant $(M, \mu),$ $(N, l/)$ $rearrangerr\iota ent-$ invariant funcu-
tion . $T$ , , $X$ dense linear subspace $D$
, $Y$ . , $f\in D$
$(\star)$ $||Tf||_{Y}\leq C||f.||_{X}$ ,
, $f\in X$ $(\star)$ .
123
$L_{p1,v}$
$\text{ }$ [6, Lemma 27] .
12. $C_{17}C_{2}$ .
$\infty$
$C_{1}$ $\sum$ 2 $f_{w}^{*}(2^{k})\leq||f||_{p1,?\mathit{1}J}.\leq C_{2}$ $\sum$ $2^{k^{\mathrm{Q}}/p}f_{?v}^{*}$ (2 ).
$k=-\infty$ $k=-\infty$
3 4
$E_{n}$ , $f_{n}$ :
$E_{n}=\{x\in M : f_{v}^{*}(2^{n+1})<|f.(x)|\leq f_{v}^{*}(2^{n})\}$,
$f_{n}(x)=\{$
$f.(x)$ , $x\in E_{n}$ ,
0, .
(1) $f(x)= \sum_{n=-\infty}^{\infty}f_{n}.(x)$ , $\mu- \mathrm{a}.\mathrm{e}$ . $x\in M$ .
(1), $T$ ( 5), 9,11 ,
(2) $||Tf||_{(r\infty),w} \leq\sum_{n=-- \mathrm{m}}^{\infty}||Tf_{n}||_{(r\infty),w}\leq r/(r-1)\sum_{n=-\infty}^{\infty}||Tf_{n}||_{r\infty,w}$.
$||Tf_{n}||_{r\infty,w}$ . $T$ $L_{p_{i}q_{\mathrm{z}},v}$ $L_{r_{i}s_{i},w_{i}}$.
t17 $(Tf_{n}.)_{w_{i}}^{*}(t)\leq C||f_{n}||_{p_{?}.q_{\dot{2})}v}$ , $i=0,1$ .
t=\lambda T6, s)
(3) $s($ \lambda f.n’ui(s) $)^{1/r_{i}}\leq C||f_{n}.||_{\mathrm{P}iq_{i},v}$ , $i=0,1$ .
H\"older $1/r=(1-\theta)/\gamma_{0}+\theta/r_{1},$ $w^{1/7}$


















$(**)$ $||f_{n}||_{p_{1}q_{1},v}\leq f_{v}^{*}(2^{n})(v(E_{n}))^{1/p_{1}}$ .
$1/p=(1-\theta)/p_{0}+\theta/p_{1}$ (5)
(6) , $||Tf_{n}.||_{r\infty,w}\leq Cf_{v}^{*}(2^{7b})(v(E_{n}))^{1/p}\leq Cf_{v}^{*}(2^{n})\cdot(2\cdot 2^{n})^{1/p}$ .
, (2), (6), 12
$||Tf||_{r\infty,w} \leq C\sum_{n=-\infty}^{\infty}f_{v}^{*}(2^{n})\cdot 2^{n/p}\leq C||f||_{p1,v}$ .
4 reverse H\"older
$v$ , , $T$ $L_{p_{i}q_{i},v_{i}}$ $L_{r_{i}s_{i},w_{i}}$ $(i=0,1)$








, . (4) $A=$
$\{x;|Tf_{n}.(x)|>s\}$ $w(A)^{1/r}\leq w_{0}(A)^{(1-\theta)/r_{0}}w_{1}(A)^{\theta/r_{1}}$ .
125
“ ” . “reverse H\"older
?” .
Muckenhoupt $A_{p}$ ( [10] ).
$\mu$ Borel . $w$ $A_{p}(\mathbb{R}^{n})=A_{p}$
( $w\in A_{p}$ ) , $y\in \mathbb{R}^{n}$
$\{$
$( \frac{1}{|I|}\oint_{I}w(y)dy)(\frac{1}{|I|}\oint_{I}w(y)^{-1/(p-1)}dy)^{p-1}\leq c$ , $1<p<\infty$ ,
$\frac{1}{|I|}\int_{f}w(y)dy\leq c\mathrm{e}ss\inf_{I}w$ , $p=1$ .
$I$ $x$ open cube , $|I|$ $I$ ) .
$w\in A_{1}$ .
13(reverse H\"older). $w\in A_{1}$ . $r>1$ , cube $I$
$( \frac{1}{|I|}\int_{I}w(y)^{r}dy)^{1/r}$ $\frac{c}{|I|}\oint_{I}w(y)dy$ .
$c$. $=c$, $I$ .
$(\mathbb{R}^{n}, dx)$ . 4
.
$\tilde{v}\in A_{1}$ . Vg $=\overline{v}^{a_{0}},$ $v_{1}=\overline{v}^{a_{1}}$ , $a_{0},$ $a_{1}>1$ ,
$v^{1/p}=v_{0}^{(1-\theta)/p0}v_{1}^{\theta/p_{1}}$ ,
$v=$
\sim a$\oint$g + $a-p[perp] 1p\underline{\theta}$
.
$v_{0}(E_{n}),$ $v_{1}(E_{n}),$ $v(E_{n})$ , reverse H\"older $r=a_{0},$ $a_{1}$ , $c_{0},$ $c_{1}$. ,
$v_{0}(E_{n})= \int_{E_{n}}\overline{v}^{a_{0}}d\mu\leq c_{0}(1/\mu(E_{n}))^{a_{0}-1(}\int_{\lrcorner}F_{n}\tilde{?J}d\mu)^{a_{\text{ }}}$ ,
$v_{1}(E_{n})= \int_{E_{\eta}}\overline{v}^{a_{1}}d\mu\leq c_{1}(1/\mu(E_{n}))^{a_{1}-1}(\int_{E_{n}}\overline{v}d\mu)^{a_{1}}$ ,
$v(E_{n})= \int_{E_{n}}\tilde{v}^{p(\frac{a_{0}(1-\theta)}{p_{0}}+_{\overline{\mathrm{p}}1}^{a}}d-\simeq^{\theta})\mu$ .




, $p( \frac{a\mathrm{o}(1-\theta)}{p0}+\frac{a_{1}\theta}{p_{1}})=:a$ $a>1$ , $a$ $\mathrm{P}_{\mathrm{B}}\backslash ’\ovalbox{\tt\small REJECT}\star$ $a’$ Holder
(8) $\int_{E_{n}}.\overline{v}d\mu\leq(\oint_{E_{n}}\overline{v}^{a}d_{l^{\chi}})^{1/a}(\int_{E_{n}}1^{a’}.d\mu)^{1/a’}=(J_{E_{n}}^{\cdot}\overline{v}^{a}d\mu)^{1/a}\mu(E_{n})^{1/a’}$ .
(7), (8)
$v_{0}(E_{n})^{\frac{1-\theta}{\nu 0}}v_{1}(E_{n})^{\frac{\mathit{0}}{p1}}\leq c^{\frac{1-\theta}{0^{p_{0}}}}c^{\frac{\theta}{1P1}}\mu(E_{n})^{\frac{(1-a_{0})\{1-\theta)}{p0}+\frac{(1-a_{1})\theta}{?\}1}}($ E $\tau-_{J}ad\mu)^{\frac{1}{a}\frac{a}{p}1}\mu(E_{n})^{\neg}a\frac{a}{\mathrm{p}}$ .







, $\mathbb{R}^{n}$ , $dx$ $d\mu$
$l^{l}$ , cube $I$ , $E_{n}$
.
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